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Abstract
Complete n-tracks in PG(N,q) and non-extendable Near MDS codes of dimension N + 1 over Fq are
known to be equivalent objects. The best known lower bound for the maximum number of points of an
n-track is attained by elliptic n-tracks, that is, n-tracks consisting of the Fq -rational points of an elliptic
curve. This has given a motivation for the study of complete elliptic n-tracks. From previous work, an
elliptic n-track in PG(2, q) is complete provided that either the j -invariant j (E) of the underlying elliptic
curve E is different from zero, or j (E) = 0 and the number Nq of Fq -rational points of E is even. In this
paper it is shown that the latter result extends to odd Nq if and only if either q is a square or p ≡ 1 (mod 3),
p being the characteristic of Fq . Some completeness results for elliptic n-tracks in dimensions 3 and 5 are
also obtained.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
An n-track in PG(N,q), the projective N -dimensional space over the finite field with q ele-
ments Fq , is a set of n points such that every N of them are linearly independent, but some N +1
of them are linearly dependent. An n-track in PG(N,q) such that no hyperplane contains N + 2
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notion of complete n-track is equivalent to that of complete (n,3)-arc [6].
The concept of n-track arose in Coding theory in an attempt to construct good linear codes,
called Near MDS codes, whose parameters differ only slightly from those of the best linear codes
which are the MDS (Maximum Distance Separable) codes. Importantly, the completeness of an
n-track in PG(N,q) with n > q + N is equivalent to the non-extendibility of the correspond-
ing Near MDS code, see [4]. Investigations on n-tracks were carried out in the last decade by
de Boer [1], Dodunekov and Landjev [2] and others, see the survey paper [6] and the references
therein.
From both geometric and Coding theory points of view, the main problem is to determine the
maximum number μe(N,q) of points of a complete n-track in PG(N,q) (see [1, Definition 7]).
Like for MDS codes, this problem appears to be difficult [6]; so far, it has been solved only for
small values of N and q , via computer aided exhaustive search, see [8,9]. In the general case,
the best known lower bound for μe(N,q) is determined by the size of n-tracks consisting of the
Fq -rational points of an elliptic curve. Such n-tracks are called elliptic.
The problem of determining whether an elliptic n-track is complete is the object of this paper.
For elliptic curves with non-zero j -invariant, the completeness of such n-tracks in the plane
PG(2, q) was proven by Hirschfeld and Voloch [7]. Later on, this result was extended to the case
j = 0 by the first author [4] under the hypothesis that the elliptic curve has an even number Nq
of Fq -rational points. The completeness problem for j = 0 and odd Nq is settled in Section 3,
which completes the study of elliptic n-tracks in PG(2, q), see Theorem 3. A class of elliptic
n-tracks in higher dimension is investigated as well. In Section 4 some completeness results
from [4] are extended to the case j = 0 and Nq odd. Our results are summarized in Theorem 1.
2. Notation and main result
Let F¯q be the algebraic closure of Fq , and (X1,X2, . . . ,XN+1) be homogeneous coordinates
for PG(N, F¯q). We also let X = X1/X3 and Y = X2/X3 be non-homogeneous coordinates for
PG(2, F¯q). As usual we identify (X,Y ) ∈ F¯ 2q with the point (X,Y,1) ∈ PG(2, F¯q).
Let E be an elliptic curve defined over Fq , and n := #E(Fq) be the number of Fq -rational
points of E . Let P∞ be any Fq -rational point of E . Then there exist two Fq -rational functions
x, y on E such that vP∞(x) = −2, vP∞(y) = −3, and
y2 + a1xy + a2y − x3 − a3x2 − a4x − a5 = 0,
for some ai ∈ Fq , i = 1, . . . ,5.
For any integer i > 1, let
ψi(x, y) :=
⎧⎨
⎩
ys if i = 3s, s  1,
xys if i = 3s + 2, s  0,
x2ys if i = 3s + 4, s  0.
Also, for any N ∈ {2,4, . . . , n − 2}, let ϕN :E → PG(N, F¯q) be the morphism defined by
(ψ2(x, y),ψ3(x, y), . . . ,ψN+1(x, y),1).
Note that ϕ2 is an isomorphism of E in the plane curve of affine equation
Y 2 + a1XY + a2Y − X3 − a3X2 − a4X − a5 = 0.
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consists of n − 1 affine points, say P1, . . . ,Pn−1, together with Pn = P∞ = (1,0,0). Note that
the definition of ϕN yields that ϕN(Pn) = (1,0, . . . ,0,0). The image of E(Fq) by ϕN is an n-
track in PG(N,q) (see [4]), which will be referred to as the N -elliptic track associated to E .
We remark that in the notation of [12], the Near MDS linear code associated to such track is a
special Goppa code. More precisely, it is the code obtained from (E,P,D)L by continuation to
the point P∞, with P = {P1, . . . ,Pn−1} and D = (N + 1)P∞ (for the definition of continuation
to a point see [12, p. 271]). The same code can be also viewed as a code in the equivalence class
of (E,E(Fq),L)H [12, p. 272], where L is the line bundle determined by the Cartier divisor
({E \ {P∞},E \Z},{1, ϕ−1N })
with Z = {zeros of ϕN }, [12, p. 127]. Our main result is stated as follows.
Theorem 1. Let q = pr > 425 be a prime power, with p > 3. Let E be an elliptic curve defined
over Fq whose j -invariant j (E) is equal to 0, and such that the number of Fq -rational points of E
is odd. If either r is even or p ≡ 1 (mod 3), then for N = 2,3,5, the N -elliptic track associated
to E is complete.
Note that when N = 2, r odd, and p ≡ 1 (mod 3) the N -elliptic track associated to E is not
complete; yet, the number of points that can be added is at most 2, see Theorem 3.
Remark 2. Two elliptic curves having the same j -invariant are isomorphic (see [10]) over the
algebraic closure of Fq . Nevertheless, it should be noted that we cannot restrict our attention to
only one specific curve, as in the present context two elliptic curves are equivalent if they are
Fq -isomorphic.
3. Plane elliptic curves and intersections with lines
The aim of this section is to prove the following theorem, which implies Theorem 1 for N = 2.
Theorem 3. Let E be an elliptic curve defined over Fq , q = pr , p odd, and let K= E(Fq) be the
subset of all Fq -rational points of E . Assume that the j -invariant of E is equal to zero and that
K consists of an odd number of points. Then:
(1) If p = 3 and q > 406, then the only points of PG(2, q) which are not collinear with any 3
points of K are (1,0,0), (1,1,0).
(2) If p = 3, q > 406, and either r is even or p ≡ 1 (mod 3), then every point of PG(2, q)
belongs to some line meeting K in 3 points.
(3) If p = 3, q > 406, r odd, and p ≡ 1 (mod 3), then the point (1,0,0) is the only point of
PG(2, q) not collinear with any 3 points of K.
From now on, we assume that the j -invariant j = j (E) of E is equal to zero, and that the
number n of Fq -rational points of E is odd. Then, see [10], we may assume that x and y satisfy
y = x3 + b, (1)
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in Fq , and 3 | (q − 1). In fact, if b is a cube, then any line of equation X = h, h3 + b = 0, has two
distinct Fq -rational affine points on E , along with the infinite point of the Y -axis. On the X-axis
there are either one or three Fq -rational points of E , and hence the number of Fq -rational points
of E is even. Then () follows from the fact that if 3 does not divide (q − 1), then every element
in Fq is a cube (see [5]).
Let K= E(Fq). For u, v, m ∈ Fq , define the following polynomials:
G1(X,Y ) = X4Y 4 − 4X4Y 3u − 4X3Y 4u + 10X3Y 3u2 + 6X4Y 2u2 + 6X2Y 4u2 − 4X4Yu3
+ X3Y 2(−2b − 8u3 − 2v2)+ X2Y 3(−2b − 8u3 − 2v2)− 4XY 4u3 + X4u4
+ X3Y (4bu + 2u4 + 4uv2)+ X2Y 2(12bu + 3u4)+ XY 3(4bu + 2u4 + 4uv2)
+ Y 4u4 + X3(−2bu2 − 2u2v2)− 12X2Ybu2 − 12XY 2bu2
+ Y 3(−2bu2 − 2u2v2)+ X2(b2 + 4bu3 − 2bv2 + v4)+ XY (2b2 + 4bu3 − 2v4)
+ Y 2(b2 + 4bu3 − 2bv2 + v4)+ X(−4b2u + 4buv2)+ Y (−4b2u + 4buv2)
+ 4b2u2 − 4bu2v2,
G2(X,Y ) := m4(Y − X)2 − 2m2
(
f (X) + f (Y ))+ (X2 + XY + Y 2)2.
Throughout, Xi denotes the curve of equation Gi(X,Y ) = 0, i = 1,2. The relation between such
curves and the completeness of K is shown in the following two lemmas.
Lemma 4. Let P = (u, v) be an affine point in PG(2, q) \ E . Assume that P belongs to a line
joining three distinct points of K. Then either u3 + b is a non-zero square in Fq , or there exist
x1, x2 ∈ Fq such that:
(i) G1(x1, x2) = 0;
(ii) x1 = u, x2 = u, x1 = x2.
Conversely, if either u3 + b is a non-zero square in Fq , or there exist at least 13 ordered pairs
(x1, x2), xi ∈ Fq , satisfying both (i) and (ii), then P belongs to a line joining three distinct points
of K.
Proof. It is easy to see that P belongs to a vertical line joining three points of K if and only if
u3 + b ∈ S. On the other hand, suppose that P belongs to a non-vertical line joining three points
ofK. Then there exist P1 = (x1, y1) and P2 = (x2, y2) such that xi, yi ∈ Fq , y2i = f (xi) = x3i +b,
xi = u, x1 = x2 and
(u − x1)y2 + (x2 − u)y1 = (x2 − x1)v.
Raising both members to the second power gives
(u − x1)2y22 + (x2 − u)2y21 + 2(u − x1)y2(x2 − u)y1 = (x2 − x1)2v2. (2)
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Δ21f (x2) + Δ23f (x1) + 2Δ1y2Δ3y1 = v2Δ22,
whence
2Δ1y2Δ3y1 = v2Δ22 −
(
Δ21f (x2) + Δ23f (x1)
)
.
Raising both members to the second power gives
4Δ21Δ
2
3f (x1)f (x2) = v4Δ42 + Δ41f (x2)2 + Δ43f (x1)2
− 2v2Δ22Δ21f (x2) − 2v2Δ22Δ23f (x1) + 2Δ21Δ23f (x1)f (x2),
and hence
2
(
Δ21Δ
2
3f (x1)f (x2) + v2f (x2)Δ21Δ22 + v2f (x1)Δ22Δ23
)
= v4Δ42 + Δ41f (x2)2 + Δ43f (x1)2. (3)
Let F(x1, x2) = 2(Δ21Δ23f (x1)f (x2)+ v2f (x2)Δ21Δ22 + v2f (x1)Δ22Δ23)−[v4Δ42 +Δ41f (x2)2 +
Δ43f (x1)
2]. A straightforward computation yields that F(x1, x2) = (x1 − x2)2G1(x1, x2). This
proves the if part of the lemma.
Suppose now that (x1, x2) satisfies both conditions (i) and (ii); then it is straightforward to
check that
P1 :=
(
x1,
f (x1)(x2 − u)2 − f (x2)(x1 − u)2 + v2(x2 − x1)2
2v(x2 − u)(x2 − x1)
)
and
P2 :=
(
x2,
(x2 − u)(y1 − v)
x1 − u + v
)
with y1 = f (x1)(x2−u)2−f (x2)(x1−u)2+v2(x2−x1)22v(x2−u)(x2−x1) belong to K and they are collinear with P . If the
line  through P , P1 and P2 is not a tangent line of E , then the third point of intersection of 
and E belongs to K as well. As there are at most 6 tangent lines to a cubic curve through a given
point (see [5]),  can be a tangent only for 12 pairs (x1, x2). 
Lemma 5. Let P := (1,m,0) ∈ PG(2, q). Assume that P belongs to a line joining three distinct
points of K. Then there exist x1, x2 ∈ Fq such that:
(i) G2(x1, x2) = 0;
(ii) x1 = x2.
Conversely, if there exist at least 13 ordered pairs (x1, x2), xi ∈ Fq , satisfying both (i) and (ii),
then P belongs to a line joining three distinct points of K.
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clearly x1 = x2, and the following equations hold:
y2 − y1
x2 − x1 = m,
y22 + y21 − 2y1y2
(x2 − x1)2 = m
2.
As y2i = f (xi) = x3i + b, i = 1,2, we have
(
f (x2) + f (x1) − m2(x2 − x1)2
)2 = 4f (x1)2f (x2)2,
whence
(x2 − x1)2
(
m4(x2 − x1)2 − 2m2
(
f (x1) + f (x2)
))+ (f (x1) − f (x2))2 = 0.
Note that f (x2) − f (x1) = (x2 − x1)(x21 + x1x2 + x22), whence G2(x1, x2) = 0.
Conversely, suppose that (x1, x2) satisfies both conditions (i) and (ii); then the points
P1 :=
(
x1,
f (x2) − f (x1) − m2(x2 − x1)2
2m(x2 − x1)
)
and
P2 :=
(
x2,m(x2 − x1) + y1
)
with y1 = f (x2)−f (x1)−m2(x2−x1)22m(x2−x1) belong to K and they are collinear with P . If the line  through
P , P1 and P2 is not a tangent line of E , then the third point of intersection of  and E belongs to
K as well. As there are at most 6 tangent lines to a cubic curve through a given point,  can be a
tangent only for 12 pairs (x1, x2). 
The following two propositions are crucial for proving Theorem 3. Their proof is quite tech-
nical, and therefore it is postponed to Section 3.1.
Proposition 6. The curve X1 admits an irreducible non-linear component defined over Fq .
Proposition 7. If p = 3 and m = 0, then X2 has an irreducible non-linear component defined
over Fq .
The following two lemmas provide upper bounds for the genus of irreducible components
of Xi , i = 1,2.
Lemma 8. Let X ′ be any irreducible component of X1. Then the genus of X ′ is less than or equal
to 9.
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tions of an irreducible plane curve C, then the genus of C is less than or equal to ([F¯q(x, y) :
F¯q(x)] − 1)([F¯q(x, y) : F¯q(y)] − 1). Now let Σ = F¯q(x, y) be the field of rational functions
of X ′; from G1(x, y) = 0 we have that [Σ : F¯q(x)] 4 and [Σ : F¯q(y)] 4, and then the asser-
tion follows. 
Lemma 9. Let X ′ be any irreducible component of X2. Then the genus of X ′ is less than or equal
to 3.
Proof. The assertion follows from the fact that X2 is a curve of degree 4. 
Lemma 10. Let q = pr , p > 3. Then −3 is not a square in Fq if and only if r is odd and
p ≡ 2 (mod 3).
Proof. See [3, Lemma 4.6]. 
Proof of Theorem 3. Assume first that P = (u, v) is an affine point of PG(2, q) \ K. Hasse–
Weil Theorem [11, p. 170] states that the number Nq of Fq -rational places of an irreducible curve
defined over Fq of genus g satisfies |Nq − (q + 1)| 2g√q . By Proposition 6, the curve X1 has
at least one non-linear Fq -rational component, say X ′1. By Lemma 4, we only need to show that
there exist 13 Fq -rational points of X ′1 not belonging to the lines of equation X = u, Y = u,
X = Y nor to the line at infinity. From Bézout’s Theorem it follows that there exist at most 8
places of X ′1 centered at points of a fixed line; also since q > 406 and the genus of X ′1 is less than
or equal to 9 (see Lemma 8), Hasse–Weil Theorem yields that the number of Fq -rational places
of X ′1 is greater than 4 · 8 + 12, and the assertion is proved for P affine point.
The same argument works if P = (1,m,0) with m = 0 and p > 3, by considering an Fq -
rational component X ′2 of X2 instead of X ′1.
If P = (1,0,0), p > 3, then P belongs to a line meeting K in three points if and only if −3 is
not a square in Fq . In fact, the equation of X2 becomes (X2 + XY + Y 2)2 = 0, that is
(
X + 1 +
√−3
2
Y
)2(
X − −1 +
√−3
2
Y
)2
= 0.
If
√−3 ∈ Fq , then X2 has a non-linear Fq -rational component, and hence the argument used
for m = 0 applies. On the other hand, if √−3 /∈ Fq , X2 has no Fq -rational points different from
(0,0), and then Lemma 5 implies that P does not belong to any line meeting K in three points.
Now assume that P = (1,m,0) with m = 0 and p = 3. From the equation of X2 it is immedi-
ate to see that X2 admits only one infinite point, namely the infinite point Q∞ of the line Y = X.
This yields that X2 is irreducible. In fact, given a line through that point, say Y = X + k, one can
check that it meets X2 in three affine points, meaning that Q∞ is a simple point of X2. As Q∞ is
Fq -rational and the Frobenius morphism acts on X2, the claim follows. Applying the Hasse–Weil
Theorem to X2, together with Lemma 5, gives the assertion.
Finally, let P = (1,0,0) and assume p = 3. The curve X2 has equation (X2 +XY +Y 2)2 = 0,
that is (X − Y)4 = 0. Then every point on X2 belongs to the line X = Y . The assertion then
follows from Lemma 5. 
An extension of Theorem 3 will be needed in Section 4.
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over Fq whose j -invariant j (E) is equal to 0, and such that the number of Fq -rational points of E
is odd. If either r is even or p ≡ 1 (mod 3), then seven or more lines through a given Fq -rational
point outside E intersect E in 3 distinct Fq -rational points.
Proof. The proof is the same as that of Theorem 3. By the same argument, it can be proved that
if q > 425 then the curve Xi has at least 55 = 4 · 8 + 12 + 21 Fq -rational points, 21 of them
corresponding to seven lines meeting E(Fq) in three Fq -rational points. 
3.1. Proof of Propositions 6 and 7
Denote by L∞ the line of equation X3 = 0, by X∞ the point (1,0,0) and by Y∞ the point
(0,1,0). It will be convenient to consider the following collineations of PG(2, F¯q): ϕ(X,Y ) :=
(Y,X), and the Frobenius collineation Fr(X,Y ) := (Xq,Y q).
The following lemma is straightforward.
Lemma 12. The curves X1 and X2 are fixed by both ϕ and Fr.
3.1.1. Proof of Proposition 6
First, we state some properties that can be easily checked by straightforward computation.
Lemma 13.
(1) X1 ∩L∞ = {X∞, Y∞}.
(2) The points X∞ and Y∞ are 4-fold points of X1.
(3) The tangents to X1 at Y∞ and X∞ are X = u and Y = u respectively. If (u, v) /∈ E then
X1 ∩ {X = u} = {Y∞, (u,u)}, and X1 ∩ {Y = u} = {X∞, (u,u)}.
The proof of Proposition 6 consists of the following two lemmas.
Lemma 14.
(I) X1 has no linear components.
(II) If X1 has a component of order 2, then X1 admits a non-linear component defined over Fq .
(III) If X1 has a component of order 3, then X1 has a non-linear component defined over Fq .
(IV) Any component of X1 of degree greater than 4 is defined over Fq .
Proof. (I) A linear component of X1 should pass through X∞ or Y∞; by (3) of Lemma 13 this
is impossible.
(II) Write X1 = Cj11 ∪ · · · ∪ Cjhh , where Cjii is irreducible of degree ji . We consider a number
of cases.
(i) X1 = C21 ∪ C62 . As the Frobenius collineation preserves the degrees of algebraic curves, by
Lemma 12 we have Fr(C21) = C21 , that is C21 is an irreducible Fq -rational component of X1.
(ii) X1 = C21 ∪ C52 ∪ C13 . This is impossible by (I).
(iii) X1 = C2 ∪ C2 ∪ C4. In this case C4 is fixed by Fr.1 2 3 3
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(v) X1 = C21 ∪ C22 ∪ C23 ∪ C24 . By (I) and Lemma 13 there exists i ∈ {1,2,3,4} such that (u,u) ∈
C2i , Y∞ ∈ C2i . By (3) of Lemma 13 the tangent to C2i at Y∞ is X = u. Then the number of
intersection points of such line with the conic C2i is greater than 2, which is a contradiction.
(III) It is immediate to check that if X1 has a component of degree 3 which is not fixed by Fr,
then X1 admits either a linear or a quadratic component. Then the assertion follows from (I)
and (II).
(IV) Clearly any component of X1 of degree greater than 4 is necessarily fixed by Fr. 
The following lemma completes the proof of Proposition 6.
Lemma 15. Let X1 =Q1 ∪Q2, with Qi irreducible component of degree 4. Then both Q1 and
Q2 are defined over Fq .
Proof. Let the assertion be false. Then an equation for Q2 is
a1X
4 + a2X3Y + a3XY 3 + a4Y 4 + a0X2Y 2 + a5X3 + a6X2Y
+ a7XY 2 + a8Y 3 + a9X2 + a10XY + a11Y 2 + a12X + a13Y + a14 = 0, (4)
with ai ∈ F¯q . Note that Q2 = Fr(Q1). We distinguish two cases, according to the action of ϕ
on Q1.
(A) Assume that ϕ(Q1) = Q1. Then a1 = a4, a2 = a3, a5 = a8, a6 = a7, a9 = a11 and
a12 = a13. Therefore an equation of Q1 is
b1
(
X4 + Y 4)+ b2(X3Y + XY 3)+ b3X2Y 2 + b4(X3 + Y 3)
+ b5
(
X2Y + XY 2)+ b6(X2 + Y 2)+ b7XY + b8(X + Y) + b9 = 0 (5)
with b1 := a1 = a4, b2 := a2 = a3, b3 := a5 = a8, b4 := a6 = a7, b5 := a9 = a11, b6 :=
a12 = a13. Note that b1 = b2 = b4 = 0, as otherwise an equation of Xi would contain mono-
mials of degree greater than 4 in X. The only term left of degree 4 is b3X2Y 2, whence b3 = 0.
Assume without loss of generality that b3 = 1. By Lemma 13 X∞ is a double point of Q1, and
the tangent ofQ1 at X∞ is X = u. Then the polynomial u2Y 2 +b5(u2Y +uY 2)+b6(u2 +Y 2)+
b7uY + b8(u + Y) + b9 has u as its only simple root. This yields
u2 + b5u + b6 = 0, b5u3 + b7u2 + b6u2 + 2b8u + b9 = 0. (6)
Note that if k ∈ F¯q , k = u, then k2 + b5k + b6 = 0. Therefore T 2 + b5T + b6 = 0 is a scalar
multiple of (T −u)2 = (T 2 −2uT +u2). Then b5 = −2u and b6 = u2. By (6), b9 = u4 −b7u2 −
2b8u. Hence equations of Q1 and Q2 are
Q1: X2Y 2 − 2u
(
X2Y + XY 2)+ u2(X2 + Y 2)+ b7XY + b8(X + Y) + u4 − b7u2 − 2b8u = 0,
Q2: X2Y 2 − 2u
(
X2Y + XY 2)+ u2(X2 + Y 2)+ bq7XY + bq8 (X + Y) + u4 − bq7u2 − 2bq8u = 0.
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H1(X,Y ) = X4Y 4 − 4X4Y 3u − 4X3Y 4u + 6X4Y 2u2 + X3Y 3
(
b7 + bq7 + 8u2
)+ 6X2Y 4u2
− 4X4Yu3 + X3Y 2(−2b7u − 2bq7u + b8 + bq8 − 4u3)
+ X2Y 3(−2b7u − 2bq7u + b8 + bq8 − 4u3)− 4XY 4u3 + X4u4
+ X3Y (b7u2 + bq7u2 − 2b8u − 2bq8u)
+ X2Y 2(b7bq7 − b7u2 − bq7u2 − 6b8u − 6bq8u + 4u4)
+ XY 3(b7u2 + bq7u2 − 2b8u − 2bq8u)+ Y 4u4 + X3(b8u2 + bq8u2)
+ X2Y (b7bq8 + 2b7u3 + bq7b8 + 2bq7u3 + 5b8u2 + 5bq8u2 − 4u5)
+ XY 2(b7bq8 + 2b7u3 + bq7b8 + 2bq7u3 + 5b8u2 + 5bq8u2 − 4u5)
+ Y 3(b8u2 + bq8u2)+ X2(−b7u4 − bq7u4 + b8bq8 − 2b8u3 − 2bq8u3 + 2u6)
+ XY (−2b7bq7u2 − 2b7bq8u + b7u4 − 2bq7b8u + bq7u4 + 2b8bq8 )
+ Y 2(−b7u4 − bq7u4 + b8bq8 − 2b8u3 − 2bq8u3 + 2u6)
+ X(−b7bq8u2 − bq7b8u2 − 4b8bq8u + b8u4 + bq8u4)
+ Y (−b7bq8u2 − bq7b8u2 − 4b8bq8u + b8u4 + bq8u4)+ b7bq7u4 + 2b7bq8u3 − b7u6
+ 2bq7b8u3 − bq7u6 + 4b8bq8u2 − 2b8u5 − 2bq8u5 + u8
= 0.
Coefficients of XiY j in such equation must coincide, up to multiplication by a constant, with
those in G1(X,Y ) = 0. We compare such coefficients in order to show that b7, b8 ∈ Fq , that is
Q1 is defined over Fq .
Comparing the coefficients of X3Y 3 gives
b7 + bq7 = 2u2,
and from the coefficients of X2Y 3 it turns out 2b− 2u(b7 + bq7 )+ b8 + bq8 + 4u3 + 2v2 = 0, that
is b8 + bq8 = −2b− 2v2. Hence, considering the coefficients of X2Y 2 yields bq+17 = u4 − 12uv2.
Comparing the coefficients of Y 2 gives bq+18 = b2 − 2bv2 − 4u3v2 + v4. From the coefficients
of XY 2 it turns out b7bq8 + bq7b8 = −2bu2 + 10u2v2, and considering the coefficients of Y yields
4uv2(u3 − b) = 0. As b is not a cube in Fq , we have to deal with two cases: u = 0 or v = 0.
If u = 0 then b7 = 0. Comparing the coefficients of Y 2 gives −b2 + 2bv2 + bq+18 − v4 = 0.
This yields bq+18 = b2 + v4 − 2bv2 = (v2 − b)2. From the coefficients of XY it turns out that
−2b2 + 2bq+18 + 2v4 = 0, that is bq+18 = b2 − v4. Now we have (v2 − b)2 = b2 − v4 and this
implies b = v2 or v = 0. If b = v2 then b8 + bq8 = −2b and bq+18 = 0. This yields b8 = b =
0 ∈ Fq , and the assertion is proved. If v = 0 then b7 + bq7 = 2u2 and bq+17 = u4. This gives
b7 = bq7 = u2 ∈ Fq . Also, b8 + bq8 = −2b and bq+18 = b2 gives b8 = bq8 = −b, and the assertion
is proved.
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b1X
4 + bq1Y 4 + b2X3Y + bq2XY 3 + b3X2Y 2 + b4X3 + bq4Y 3 + b5X2Y + bq5XY 2
+ b6X2 + bq6Y 2 + b7XY + b8X + bq8Y + b9 = 0.
Note that b1 = b2 = b4 = 0, as otherwise an equation of Xi would contain monomials of
degree greater than 4 in X. The only term left of degree 4 is b3X2Y 2, whence b3 = 0. Assume
without loss of generality that b3 = 1.
By Lemma 13 X∞ is a double point of Q1, and the tangent of Q1 at X∞ is X = u. Then the
polynomial
u2Y 2 + b5u2Y + bq5uY 2 + b6u2 + bq6Y 2 + b7uY + b8u + bq8Y + b9 = 0
has u as its only simple root. This yields
u2 + bq5u + bq6 = 0, b5u3 + b6u2 + b7u2 + b8u + bq8u + b9 = 0. (7)
Note that if k ∈ F¯q , k = u, then k2 + bq5k + bq6 = 0. Therefore T 2 + bq5T + bq6 = 0 is a scalar
multiple of (T − u)2 = (T 2 − 2uT + u2). Then bq5 = −2u = b5 and bq6 = u2 = b6. By (7),
b9 = u4 − b7u2 − u
(
b8 + bq8
)
.
Hence equations of Q1 and Q2 are
Q1: X2Y 2 − 2u
(
X2Y + XY 2)+ u2(X2 + Y 2)+ b7XY + b8X + bq8Y
+ u4 − b7u2 − b8u − bq8u = 0,
Q2: X2Y 2 − 2u
(
X2Y + XY 2)+ u2(X2 + Y 2)+ bq7XY + bq8X + b8Y
+ u4 − bq7u2 − b8u − bq8u = 0.
Coefficients of XiY j in the product of such equations must coincide to those in the equation
G1(X,Y ) = 0. We compare such coefficients in order to show that b7, b8 ∈ Fq , that is Q1 is
defined over Fq .
Comparing the coefficients of X and Y gives −b7b8u2 − bq7bq8u2 = −b7bq8u2 − bq7b8u2, and
the u2(b7 − bq7 )(b8 − bq8 ) = 0. Assume that u = 0. Comparing the coefficients of X2Y 2 gives
b
q+1
7 = 0, that is b7 = 0. Then b8 +bq8 = −2b−2v2 and bq+18 = b2 −2bv2 +v4. Also, comparing
the coefficients of XY we have b28 + (bq8 )2 = 2b2 − 2v4. As (b8 + bq8 )2 = b28 + (bq8 )2 + 2bq+18 ,
we obtain 4v2(v2 + 3b) = 0. If v = 0 then b8 + bq8 = −2b and bq+18 = b2, that is b8 = bq8 =
−b ∈ Fq . Then v2 = −3b, and hence b8 + bq8 = −4b. Comparing the coefficients of Y 2 then
gives −b2 + 2bv2 + bq+18 − v4 = 0, whereas by considering the coefficients of XY we obtain
−b2 +2bv2 +bq+18 +2v4 = 0. Then v = 0. This implies b = 0, which is a contradiction. If u = 0,
then either b7 ∈ Fq or b8 ∈ Fq ; in both cases the necessary computation is as straightforward as
for the case u = 0, and therefore it is omitted. 
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Note that as 3 | (q − 1), the polynomial T 2 + T + 1 has two roots in Fq . Fix ω in Fq such
that ω2 + ω + 1 = 0, and let R1 = (1,ω,0), R2 = (1,ω−1,0). The following lemma is straight-
forward.
Lemma 16.
(1) X2 ∩L∞ = {R1,R2}.
(2) The points R1 and R2 are simple points of X2.
(3) The tangent line to X2 at both R1 and R2 is L∞, which is not a component of X2.
The proof of Proposition 7 will consist of two lemmas.
Lemma 17. X2 has no linear components.
Proof. A linear component of X2 should pass through R1 or R2; by (3) of Lemma 13 this is
impossible. 
Lemma 18. Let X2 = C1 ∪ C2, with Ci irreducible component of degree 2. Then both C1 and C2
are defined over Fq .
Proof. Assume on the contrary that C2 = Fr(C1). As both R1 and R2 are fixed by Fr, by
Lemma 16 both C1 and C2 pass through R1 and R2. Assume first that ϕ(C1) = C1. Then equations
of C1 and C2 are X2 +XY +Y 2 +a1(X+Y)+a3 = 0 and X2 +XY +Y 2 +aq1 (X+Y)+aq3 = 0
respectively. Then the homogeneous part of degree 3 in an equation of X2 is (a1 + aq1 )(X3 +
2X2Y + 2XY 2 + Y 3). But this is impossible as the homogeneous part of degree 3 of G2(X,Y )
is −2m2(X3 + Y 3).
Now we assume that ϕ(C1) = C2. Then equations of C1 and C2 are X2 + XY + Y 2 + a1X +
a
q
1 Y +a3 = 0 and X2 +XY +Y 2 +aq1 X+a1Y +aq3 = 0 respectively. But again the homogeneous
part of degree 3 in an equation of X2 is (a1 + aq1 )(X3 + 2X2Y + 2XY 2 + Y 3), and we get the
same contradiction above. 
4. Proof of Theorem 1
Theorem 1 for N = 2 follows from Theorem 3.
As to higher dimension, we remark that in [4] the following result is proved.
Proposition 19. Let E be a plane elliptic curve defined over Fq such that seven or more lines
through a given Fq -rational point outside E intersect E in 3 distinct Fq -rational points. Then the
N -elliptic track associated to E is complete for N = 3,5.
Then Theorem 1 for N = 3,5 follows from Lemma 11.
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